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We reexamine how quantum density fluctuations in condensates of ultra-cold fermi gases lead to
fluctuations in phonon times-of-flight, an effect that increases as density is reduced. We suggest that
these effects should be measurable in pancake-like (two-dimensional) condensates on their release
from their confining optical traps, providing their initial (width/thickness) aspect ratio is suitably
large.
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INTRODUCTION
We are familiar with the idea that the quantum nature
of the gravitational field induces fluctuations in the met-
ric of space-time (the light-cone metric), thereby inducing
fluctuations in the propagation of light [1]. If they could
be measured they would provide a direct test of quantum
gravity. What is less familiar is that a similar situation
applies to bosonic condensates of ultra-cold fermi gases
whose quantum fluctuations disturb the sound-cone met-
ric, leading to fluctuations in the time-of-flight (TOF) of
phonons and sound-waves.
The reason is straightforward. Whereas, for a con-
densate of elementary bosons, there is only the gapless
phonon mode, for condensates of fermi gases di-fermion
density fluctuations act as an additional effective gapped
mode [2]. This decoheres the phonon, giving the sound-
cone metric a stochastic component [3]. There are
parallels with the effect of dark energy on gravitational
waves [4] as well as the simpler case of photons [1, 5]
and phonons [6–8] in phenomenological random media
except that fluctuations in fermi-gas sound-propagation
(like quantum fluctuations in the propagation of light)
are determined by the same interactions that create the
phonons themselves.
Quantitatively there are huge differences between pho-
tons and phonons, with light-cone fluctuations being im-
measurably small by many orders of magnitude [1, 4],
whereas sound-cone fluctuations are relatively large.
However, in a previous paper [3] we estimated the
stochastic effects on phonon TOF for a typical three-
dimensional static homogeneous condensate and con-
cluded that they would still be experimentally unobserv-
able by something between one to two orders of mag-
nitude. In particular, TOF fluctuations decrease with
increasing condensate density and the density of typical
condensates is too large for measurable effects.
In this paper we exploit this density effect by calcu-
lating TOF fluctuations as we release a condensate from
its optical trap, with a rapid decrease in its density. We
argue that the resulting TOF fluctuations may now be
large enough to be measurable with current techniques.
However, we differ from our previous analysis in taking
our condensate to be in a highly anisotropic pancake-
shaped potential initially [9–14], which permits the den-
sity profile of the effectively two-dimensional cloud to be
measured in situ.
Due to the remarkable capability of current experi-
ments to control dimensionality and interatomic inter-
actions, in recent years several papers have been devoted
to the study of quantum/thermal fluctuations in such
idealised 2D gases [15–17]. See [18] for a more gen-
eral study. In particular, the BCS-BEC crossover of two-
dimensional Fermi gases was studied in [19] where the
inclusion of quantum fluctuations about the mean field
theory found good agreement with the quantum Monte
Carlo simulations and the experimental measurements.
In this work, we will adopt the same level of approx-
imation. The fluctuations we consider here are purely
quantum, for an idealised gas at temperature T = 0.
To describe our initial two-dimensional state we dimen-
sionally reduce the spatially 3D action that has been the
basis of our earlier work [3, 20–23]. This action, due to
Gurarie [24], describes a cold Fermi gas, tunable through
a narrow Feshbach resonance, taking the form (where
suffices denote spatial dimension):
S(D) =
∫
dt dDx
{∑
↑,↓
ψ∗(D)σ(x)
[
i ∂t +
∇2
2m
+ µ(D)
]
ψ(D)σ(x)
+ ϕ∗(D)(x)
[
i ∂t +
∇2
2M
+ 2µ(D) − ν
]
ϕ(D)(x)
+ g(D)
[
ϕ∗(D)(x) ψ(D) ↓(x) ψ(D) ↑(x) + h.c.
]}
(1)
for fermion fields ψ(D)σ with spin label σ = (↑, ↓). The
diatomic field ϕ(D) describes the bound-state (Feshbach)
resonance with tunable binding energy ν and mass M =
2m.
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2The condensate can be reduced to D=2 dimensions if
its thickness, say along the z axis, is tightly confined by
an external trapping potential to be no thicker than the
correlation length of the system Lz ∼ l = 1/mc, where
c is the speed of sound. As a consequence, the fields of
the system are approximately constant along the z di-
rection and on dimensional grounds they can be simpli-
fied as ϕ(3)(x⊥, z, t) = ϕ(2)(x⊥, t)/L
1/2
z , ψ(3)(x⊥, z, t) =
ψ(2)(x⊥, t)/L
1/2
z , where x⊥ = (x, y). Consequently, the
effective coupling g(2) in two dimensions is related to that
of three dimensions by g(2) = g(3)/L
1/2
z . As such, the spa-
tial integral over z can be carried out, and the resulting
action S2 of (1) for D=2 has no explicit Lz dependence.
We shall need both S(2) and S(3) since, on releasing the
trap, the condensate extends in the direction perpendicu-
lar to the pancake, ultimately losing its two-dimensional
form. There has been work done on the properties of con-
densates as we interpolate between two and three dimen-
sions [25, 26]. We shall be less ambitious. Although we
shall formally adopt dimensional regularisation where ap-
propriate we do not think of the intermediate behaviour
of the condensate as corresponding to non-integer dimen-
sions. Quantitatively it is sufficient to adopt a discrete
switch between D = 2 and D = 3 dimensions at some
intermediate time. We shall see that the 3D phase con-
tinues the enhancement of the TOF fluctuations. The
cumulative effect is, potentially, to make them observ-
able in foreseeable experiments.
It need hardly be said that, although we were moti-
vated by analogy with quantum fluctuations in the grav-
itational and light-cone metrics, the subsequent analysis
of fluctuations in the sound-cone metric of ultracold gases
stands in its own right.
THE EFFECTIVE THEORY
Since the action (1) is quadratic in the Fermi fields, for
both D=2 and D=3 dimensions they can be integrated
out to give an exact non-local (one fermi-loop) bosonic
action SNL(D)[ϕ(D), ϕ
∗
(D)] [3]. Initially we shall take the
condensate to be homogeneous and in equilibrium. The
action SNL(D) is invariant under global U(1) transforma-
tions of ϕ(D) but the variational equation δSNL(D) = 0
permits constant condensate solutions ϕ(D)(x) = ϕ0(D),
which break this symmetry spontaneously, determined
by the gap equations (see Appendix).
As a first step towards implementing this dimensional
crossover we use the fermi momentum kF as the inter-
polating dimensionally-dependent parameter [27, 28], in-
troduced by defining the effective column density ρ(2)
in effective 2D in terms of the density in 3D ρ(3) by
ρ0(2) = ρ0(3)Lz. Both the constant 2D fermion num-
ber density ρ0(2) = k
2
F (2)/2pi and the 3D fermion number
density ρ0(3) = k
3
F (3)/3pi
2 are decomposable as ρ0(D) =
ρF0(D) + ρ
B
0(D), where ρ
F
(D) is the explicit fermion den-
sity and ρB(D) is the molecule density (two fermions per
molecule).
Within a given dimension D the interpolating scat-
tering parameter for BCS-BEC crossover is uD =
1/aDkF (D) where aD is the s-wave scattering length in D
dimensions. D=3 and D=2 dimensions show very differ-
ent general behaviour. For D=3 there is a unitary point
u3 = 0 which separates the BCS regime (u3 < 0) from
the BEC regime (u3 > 0). The deep BCS regime and
deep BEC regimes are −u3  1 and u3  1 respec-
tively. In D=2 dimensions u2 > 0 always and the deep
BCS regime is u2  1 whereas the deep BEC regime is
u2  1 as before.
As expected for both D=2 and D=3, in the deep BCS
regime |ϕ0(D)| is vanishingly small, while in the deep
BEC regime |ϕ0(D)|2 → ρ0(D)/2 with ρB0(D)  ρF0(D). The
condensate of the theory is ϕ(D)(x) = |ϕ(D)(x)| eiθ(D)(x)
with the gapless mode encoded in the phase θ(D). We ex-
pand in the derivatives of θ(D) and the small fluctuations
in the condensate δϕ(D) = (|ϕ(D)| − |ϕ0(D)|) ∝ δρB(D),
the molecular density fluctuation, explicitly preserving
Galilean invariance. The local effective action for the
long-wavelength, low-frequency condensate has the same
generic form in terms of θ(D) and δ|ϕ(D)| in two as in
three dimensions [3], but with coefficients appropriate to
the dimension [20, 21]:
Seff [θ, ] =
∫
dt dDx
[
N0
4
G2(θ, )− 1
2
ρ0G(θ, )
− αG(θ, ) + η
4
D2t (, θ)−
1
4
M¯22
]
, (2)
where  = κ−1δ|φ| is a dimensionless rescaled conden-
sate fluctuation. The scale factor is chosen so that the
Galilean scalar G(θ, ) = θ˙ + (∇θ)2/4m + (∇)2/4m is
such that  has the same coefficients as θ in its spatial
derivatives [29]. Dt is the comoving time derivative in the
condensate with fluid velocity ∇θ/2m. For ease of nota-
tion we have not labelled the fields and their coefficients
by their dimension explicitly. We shall omit suffices when
it leads to no confusion.
In D=2 dimensions the coefficients α(2), η(2), etc. are
known elementary functions of the scattering length
[20, 21]. In D=3 dimensions they have simple integral
forms whose deep BEC behaviour is analytic but, oth-
erwise, have to be determined computationally. See the
Appendix below.
Sufficient to say that, in both cases, 0 ≤ α/ρ0 increases
monotonically from zero to one as we tune the gas from
the deep BCS to the deep BEC regime (1/kFaS  1).
On the other hand η and N0 go from finite values to zero
as we go from the BCS to BEC regimes, with η ∝ N0
in the deep BEC regime (as they both vanish). Further,
M¯2 falls to zero in the deep BEC regime in a way that
M¯2/η remains finite.
3We only know how to model the condensate expan-
sion within the hydrodynamic approximation, where the
spatial and temporal variation of  are ignored in com-
parison to  whence  ≈ −2αG(θ)/M¯2. We know from
elsewhere [3] that the approximation breaks down badly
outside the BEC regime and we show that we can stay
within it. The Euler-Lagrange equation for θ is then the
continuity equation of a single fluid [20, 21]
∂
∂t
ρ+∇ · (ρv) = 0 (3)
with ρ = ρ0− (N0 + 4α2/M¯2)G(θ) and v = ∇θ/2m. For
long wavelengths it leads to the wave equation:
θ¨(x)− c2∇2θ(x) = 0 (4)
i.e. ω2 = c2k2, with speed of sound
c2 =
ρ0/2m
N0 + (4α2/M¯2)
(5)
a result unchanged in the Bogoliubov approximation [2].
In the deep BCS regime, c2 → v2F /D, as expected, but
a particular feature of this simple model is that, in the
deep BEC regime with M¯2 → 0, then c → 0 also (see
Appendix). It is not difficult to change this to give a non-
zero limit by taking the direct dimer-dimer interaction
into account [2], but, since we never achieve the really
deep BEC regime, we take it as it stands.
More generally, there is a quantum ’rainbow’ of sound
speeds ck [2, 30, 31], according to the wavenumber k of
the phonon, of the form [3] c2k ≈ c2[1+k2/K2 + ...] where
K−2 = 4α2c2
[
1− c2η/(ρ0/2m)
]
/M¯4. [We note that the
’gravitational rainbows’ due to dark energy fields take the
same functional form [4].] In the large momentum limit in
the BEC regime we recover [21] the free particle limit for
diatoms/molecules ω = k2/4m = k2/2M . Provided that
the phonons comprise a wavepacket propagating on the
plane with central momentum k0 and width ∆k0, with
k0 + ∆k0 < K, they experience approximately the same
sound speed c and have common fluctuations in times of
the flight, and this we assume.
To complete the fluid picture we observe that the above
definition of ρ is no more than the Bernoulli equation
mv˙ +∇[δh+ (1/2)mv2] = 0 , (6)
where the enthalpy δh = mc2δρ/ρ. The resulting equa-
tion of motion is dp/dρ = mc2 across the whole regime
for which the hydrodynamic model is appropriate. Since
c2 ∝ ρ, there is simple allometric behavior δh ∝ ργ with
γ = 1 [20, 21], from which the hydrodynamic behavior of
the fluid can be determined.
THE STOCHASTIC METRIC
The semiclassical results above do not take the dynam-
ical nature of the density fluctuations into account. Be-
cause Galilean invariance induces multiplicative noise [3],
the coarse-graining of the phonon field induced by inte-
grating out  will introduce stochasticity in the acoustic
metric of the θ field via its Langevin equation rather than
dissipation. Specifically, in the long-wavelength approx-
imation the stochastic equation for phonon propagation
now becomes [3]
θ¨(x)−c2(1−2αξ/ρ0)∇2θ ≈ −4m(α/ρ0)c2Dtξ(x) (7)
in terms of the speed of sound c of (5) and noise ξ. As a
result we can interpret cξ, where c
2
ξ = c
2(1−2αξ/ρ0), as a
stochastic speed of sound in the long wavelength regime.
As we have shown in [3] for D=3, but which generalises
to D=2 dimensions, the noise correlation function is the
Hadamard function for the density fluctuation field ,
〈ξ(x)ξ(x′)〉 = 1
2
〈{(x), (x′)}〉
=
∫
dDk
(2pi)D
cos[ωk(t− t′)]
ωkη
e−ik·(x−x
′).(8)
with D-dependent ω2k = (ρ0k
2/2m+ M¯2)/η.
This effect can be tested by the variation in the TOF
of the phonons or sound waves traveling in a fixed dis-
tance, by repeated measurements of the sound speed of
the identical wavepackets. The experiment that we have
in mind is along the lines of [32], which measures the
speed of sound in a fermi gas throughout the crossover
region, however in the case of broad resonances. Such
an experiment with Feshbach resonances would be tech-
nically more challenging [33] even though narrow reso-
nances lead to relatively stable and long-lived molecules.
For a spatially homogeneous static condensate the
sound wave propagates along the sound cone determined
by its operator-valued null-geodesic:
c2dt2 = dx2 + hijdx
idxj , (9)
where hij = (2α/ρ0)ξδij . For waves travelling a distance
r in time T , the variation of the travel time in D spatial
dimensions is
(∆T(D))
2 =
α2(D)
ρ20(D)
∫ T
0
dt1
∫ T
0
dt2〈ξ(r1, t1) ξ(r2, t2)〉 . (10)
In (10) r(t) = |x| = ct and the local velocity c is evaluated
on the unperturbed path of the waves r(t).
Straightforward substitution of (8) gives
(
∆T(D)
)2
=
α2(D)
ρ20(D)
∫ T
0
dt1
∫ T
0
dt2
∫
dDk
(2pi)D
cos(ωk(D)τ)
ωk(D)η(D)
×J0(c(D)k|τ |)
(11)
where τ = t1 − t2 and J0 is the Bessel function of the
first kind. The initial growth of (∆T )
2
from zero at time
T = 0 is a consequence of the accumulation of the zero
4temperature quantum fluctuations of the gapped modes.
Inspection shows that when T = Ts ∼ 1/ω(k=0) =
1/
√
M¯/η i.e. inversely proportional to the gap energy of
the gapped (Higgs) modes, the growth halts and (∆T )
2
saturates to its late time value
(
∆T
)2
.
In more detail assume that ωk  ck throughout the
range of the BEC and BCS regimes and take J0[ck|t1 −
t2] ≈ 1 (as compared with the relatively fast varying
time-dependent cosine function). As a result,
(
∆T(D)
)2 ≈ α2(D)
ρ20(D)
2
η(D)
∫
dDk
(2pi)D
1− cos[ωk(D)T ]
ω3k(D)
=
α2(D)
ρ20(D)
2
η(D)
∫
dk kD−1
(2pi)D/2Γ(D/2)
1− cos[ωk(D)T ]
ω3k(D)
For T  Ts the oscillatory term can be ignored and
the fluctuations saturate to the value
(
∆T (D)
)2 ≈ F (D) α2(D)
ρ20(D)
(
2m
ρ0(D)
)D/2
(M¯2(D))
(D−3)/2 η1/2(D)
(12)
where F(D) is the dimension-dependent factor
F (D) =
Γ((3−D)/2)
(2pi)D/2Γ(3/2)
(13)
and we have restored suffices. We note that
(
∆T (D)
)2
is independent of T and hence the distance over which
the phonons are propagated. This variation of the arrival
time can be experimentally tested by repeatedly measur-
ing the arrival time T , traveled by the sound wave for a
fixed distance with identical wavepacket forms.
∆T FOR STATIC PANCAKE CONDENSATES
From our earlier comments we treat the condensate
initially as 2D, using the results above, assuming that
ωk  csk throughout the range of the BEC regime. This
gives
(
∆T (2)
)2 ≈ α2(2)
ρ20(2)
2m
piρ0(2)
1
(M¯2(2)/η(2))
1/2
. (14)
Substituting the 2D parameters (of Appendix) into (14)
we find that
(
∆T
)2
increases as 1/aSkF increases, to
reach its maximum value (in dimensionless parameters)
in the BEC regime(
F (2)∆T (2)
)2 ≈ (1/√12)g¯(2). (15)
where g¯(2) is the dimensionless coupling constant defined
as g2(2) = (8piF (2)/m)g¯
2
(2) = 16pig¯
2
(2)(
2
F (2)/k
2
F (2)).
To see what this means for a typical static pancake
condensate, consider a cold 6Li condensate of 3 × 105
atoms tuned by the narrow resonance at H0 = 543.25G
[33]. The narrowness of the resonance width is best de-
termined by the dimensionless width γ0 ≈
√
Γ0/F (3),
where the resonance width Γ0 [24] is mainly given by
Hω, the so-called ”resonance width” of the central field
H0, which in turn determines the effective-range length
of the system, and is required to achieve infinite scat-
tering length (the unitary limit). We take the num-
ber density ρ0(3) ≈ 3 × 1012cm−3, and γ0 ≈ 0.6. In
terms of the dimensionless coupling g¯(3), where g
2
(3) =
(642F (3)/3k
3
F (3))g¯
2
(3) [24],
6Li at the density above corre-
sponds to g¯2(3) of order 0.8.
The pancake-shaped trap potential of [33], which we
adopt here, has frequencies ωx = ωy = ω⊥ = 2pi×0.05Hz
in the plane with characteristic length L⊥0 = 480µm, and
ωz = 2pi × 800Hz in the vertical plane for a thickness
Lz0 = 1.4µm. The trap anisotropy ratio is ωz/ω⊥ ≈ 104,
allowing us to treat the system as quasi-2D dimensional.
As a first approximation we ignore edge effects, rely-
ing on the relatively homogeneous central part of the
condensate. There, the density of this quasi-2D sys-
tem can be estimated from the 3D density by assum-
ing that thickness Lz is smaller than the correlation
length l. If so, ρ0(2) = ρ0(3) × Lz = 108cm−2 for
which F (2) ≈ 1 × 10−10eV (F /~ ≈ 150 ms−1) and
kF (2) ≈ 2.4/µm.
In terms of the dimensionless coupling g¯(2) defined
in (15) , 6Li at the density above corresponds to g¯2(2) =
1.44/16pi for g2(2) ≈ (2F (2)/k2F (2)) (the value of the cou-
pling constant chosen to produce the 2D result of Fig. 1).
Then g2(3) = g
2
(2)Lz ≈ 10(2F (3)/k3F (3)) with kF (2) =√
2kF (3)Lz/3pikF (3), giving the dimensionless coupling
constant g¯2(3) ≈ 0.8, as required for the narrowness of
the resonance. In Fig.(2), with g¯2(3) = 0.8 the behaviour
of (∆T(3))s as the function of 1/aS(3)kF (3) in 3D has been
reproduced from our previous work [3] for comparison.
The main figure in Fig. 1 shows the behaviour of ∆T (2)
for the value of 1/aS(2)kF (2) = 0.5 near the crossover as
determined from Eq.(11). In the inset (bottom) to Fig. 1
we plot
(
F (2)∆T (2)
)2
obtained from (11) on varying
1/kF (2)aS(2). We see that (15) is a good approximation
across the medium to deep BEC regime and we do not
have to be too careful where we are in the BEC regime to
get essentially the same delay. The maximum travel time
fluctuation occurs when 1/aS(2)kF (2) > 1.0 in the BEC
regime. If we tune the system to 1/aS(2)kF (2) = 1.0 the
central momentum of the density waves is k0 ≈ 0.02kF (2),
determined by cs ≈ 0.02vF (2) at 1/aS(2)kF (2) = 1.0 in
Fig.1. The range of wavenumber k of density perturba-
tions is required to be k < k0 +K for those modes having
the same sound speed where K is found to be K ≥ k0,
and with kF (2) ≈ 1.0/µm, the width of the density fluc-
tuations can be of order 20 µm.
For c ≈ 0.02vF (2) ≈ 18µm/ms, the travel time of the
5density waves over the condensate size L⊥ ≈ 480µm is
approximately 27ms [32]. Additionally, the correlation
length l = 1/mc ≈ 100µm  Lz = 1.4µm so that the
quasi-2D approximation can be justified. From Fig. 1,
∆T (2) ≈ 1.7−1F (2) ≈ 0.01ms at 1/aS(2)kF (2) = 1.0. Un-
fortunately, the effect is not yet testable since experimen-
talists most easily measure the (saturated) fluctuations
∆r = c∆T (2) ≈ 0.2µm in the position of the propagating
wavefront. Currently, such uncertainty is well within the
noise by between one and two orders of magnitude [32].
OPENING THE TRAP
Since the saturated value (∆T (2))
2 in (14) increases
with decreasing fermion density ρ0(2), the best chance of
observing fluctuations is when the cloud of atoms under-
goes free expansion as the confining optical potentials are
switched off [23, 34] spontaneously. Anticipating that the
condensate expands primarily in the z direction, namely
L⊥ ≈ L⊥0, simple dimensional analysis suggests that the
dependence of ∆T (2) on the thickness Lz is
(∆T (2))
2 ∝ L1/2z /(ρ0(3)g(3)) ∝ L3/2z . (16)
To arrive at (16) we have used the results F ∝ ρ0(2) ∝
ρ
2/3
0(3) and g¯
2
2 ∝ g22/ρ0(2) ∝ g23/(Lzρ2/30(3)), where ρ0(3) ∝
k3F (3) ∝ L−1z . As Lz increases from its initial value Lz0 =
1.4µm to Lzt at time t after the opening of the trap
(∆T (2))
2
t , the moving saturated value at time t, increases
correspondingly.
To be more quantitative we assume that the conden-
sate behaves as a simple fluid, beginning in the BEC
regime where (15) is valid. With δh ∝ ρ in the Bernoulli
equation (6), the density takes the scaling form
ρ(x, y, z, t) =
1∏
j bj
ρ0
(
x
bx
,
y
by
,
z
bz
, t
)
(17)
where ρ0 is the initial density. The continuity and
Bernoulli equations (3) and (6) then reduce to [23, 34]
b¨i − ω
2
i
bi
∏
j bj
= 0 . (18)
For the pancake shape harmonic trap above, with fre-
quencies ωz  ωx = ωy = ω⊥, the equations for the
scale parameters can be further simplified as
b¨z =
ω2z
b2z
, b¨⊥ =
ω2⊥
bz
(19)
where bx = by = b⊥. With b¨z/b¨⊥ = O(108) the neglect
of lateral expansion is justified. The solution for initial
conditions bi(0) = 1, b˙i(0) = 0 has the analytic form√
bz(t)(bz(t)−1)+ln[
√
bz(t)+
√
bz(t)−1]=
√
2ωzt . (20)
FIG. 1: The Figure shows the behavior of
(
F (2)∆T(2)
)2
as
a function of F (2)T at 1/aS(2)kF (2) = 0.5 near the crossover,
given by (11). The upper inset Figure displays the result
of sound speed as a function of 1/aS(2)kF (2). The lower in-
set Figure shows the saturation value of fluctuations in time
of the flight by changing 1/aS(2)kF (2), obtained from (14).
Its maximum value occurs at 1/aS(2)kF (2) > 1.0 in the BEC
regime.
Substituting all experimental parameters in [33] into
the time-dependent scale parameter above (20), we find
bz(t) ≈
√
2ωzt (21)
whence bz(T ) ≈
√
2ωzT ≈ 135 when T is a travel time
about 27ms, appropriate to the condensate. For the pa-
rameters in [33] the speed of the hydrodynamic expan-
sion vz = b˙z(t)Lz0 ≈
√
2ωzLz0 ≈ 7µm/ms (where Lz0 =
1.4µm is the initial thickness, and ωz = 2pi × 800Hz) is
slow in comparison to the sound speed c2 ≈ 18µm/ms at
u2 = 1.0. Therefore (16) holds true for such an adiabatic
expansion. Further, since at time t, Lz ∝ t, we have, on
dimensional grounds
(∆T (2))
2
t ≈
(∆T (2))
2
t
∫ t
0
dt (ωzt)
3/2 =
2
5
(∆T (2))
2
(
Lzt
Lz0
)3/2
.
(22)
The static (∆T (2))
2 ≈ 0.01ms, obtained above for all
u2 >∼ 1 in the BEC regime, and Lzt = bz(t)Lz0 =√
2(ωzt)Lz0. We stress that TOF measurements are
made in the non-expanding directions of the condensate.
The expansion of fluctuations is due to the drop in den-
sity and not to condensate expansion per se.
Unfortunately, the situation is not so simple, since the
hydrodynamic expansion has enough time to inflate the
pancake-shaped condensate to make it effectively three-
dimensional. After travel time t = T ≈ 27ms the
6anisotropy ratio is about L⊥/LzT ≈ L⊥0/(135Lz0) ≈ 3,
and the system can hardly be considered as quasi-2D.
Even if we were to maintain the fiction of a 2D system,
the time T for expansion is not enough for this conden-
sate. The density reduction due to hydrodynamic expan-
sion will only enhance the uncertainty in ∆r as estimated
above to approximately 30∆r with LzT /Lz0 = 135, say
about 5− 6µm. Although a huge improvement, this still
gives a noise to signal ratio of about 2-3.
To do better we need a less typical condensate, either
larger or with a tighter trap. There is some hope in a
more recent experiment [13] (although not for our nar-
row resonance in 6Li), which shows how TOF fluctuation
measurements could be made larger. We take as a guide
their initial trap potential frequency in the z-direction
of 5.5kHz for a thickness of about Lz0 = 0.5µm while
keeping ω⊥ = 2pi × 0.05Hz (L⊥ ≈ 480µm) unchanged
with the same 2D density, ρ0(2) ∼ 108(cm)−2 as above.
The expansion speed of the cloud of atoms after remov-
ing the trap is 16µm/ms, about the same order of the
sound speed, and thus Eq.(16) barely holds. Nonethe-
less, taken as it stands, with this initial trap potential
frequency the effect of free expansion can give the scale
parameter as large as bz(T = 27ms) ≈ 1300, although
the anisotropy ratio at time T now becomes worse at
L⊥/LzT ≈ L⊥0/(1300Lz0) ≈ 1.1, rendering the conden-
sate entirely 3D.
However, if we could persist with the 2D assumption,
this large value of the scale parameter then leads to an en-
hancement of about 140∆r with LzT /Lz0 = 1300 in this
case, giving TOF fluctuations of order of 30µm, larger
than the errors of sound speed measurement in [32] with
a signal to noise ratio of about 2.5, rendering the fluctua-
tions potentially observable. This is not so foolish, since
we shall now argue that becoming more 3D largely repro-
duces the 2D result that pretends we have a 2D system
for the duration of the expansion.
STATIC 3D CONDENSATES
Before marrying an expanding 3D condensate to its 2D
precursor we recapitulate the basic properties of static 3D
condensates from our earlier results of [3].
We revert to (12) and (13). In D=3-δ dimensions F(D)
shows the infrared divergence that we saw in [3] as δ → 0.
This means that we cannot set (M¯2(D))
(D−3)/2 to unity
for D=3 in (12). We can use dimensional regularisation
to recover the results of [3] in the MS scheme, which gives
(
∆T (3)
)2 ≈ 1√
2pi2
α2(3)
ρ20(3)
(
2m
ρ0(3)
)3/2
[ln(Λ/M¯2(3))] η
1/2
(3)
(23)
where Λ is the renormalization scale. The momentum
integration cutoff at k = kΛ that we adopted in [3] gives
the TOF fluctuations in 3D as(
∆T (3)
)2 ≈ 1√
2pi2
α2(3)
ρ20(3)
(
2m
ρ0(3)
)3/2
×[ln((ρ0(3)k2Λ/2m)/M¯2(3))] η1/2(3) .(24)
When the renormalization scale is chosen to be Λ =
ρ0k
2
Λ/2m, the two results are the same. We follow [3]
in taking k = kΛ = O(K) = O(kF (3)). We refer the
reader to [3] for details.
Care is needed since the effect of late-time three-
dimensionality on the condensate is mixed. On the one
hand, increased dimensionality looks to continue to en-
hance the fluctuations since, in the BEC regime,(
∆T (3)
)2 ∝ (α(3)/ρ0(3))2η1/2(3) /(ρ0(3))3/2 ≈ η1/2(3) /(ρ0(3))3/2
(25)
leads to(
∆T (3)
)2 ∝ 1/ρ0(3) ∝ L2⊥Lz (26)
since η(3) ∝ κ(3) ∝ ρ(3), as seen in the Appendix. Eq.(19)
remains valid throughout the expansion, irrespective of
how three dimensional we are. However, with L⊥ largely
unchanged we see that, compared to
(
∆T (2)
)2 ∝ L3/2z
in 2D, the 3D expansion looks to give less effective en-
hancement to the TOF fluctuations. Further, whereas
(∆T (2))
2 is largely insensitive to inverse scattering length
u2 within the BEC regime, (∆T(3))
2 is not, vanishing in
the deep BEC regime with η
1/2
(3) . There is a strong peak
in the early BEC regime when u3 ∼ 1 for which (as in
the D=2 case), F∆T (3) ∼ 1, to which we need to keep
close.
Piecing D = 2 and D = 3 together
The aim is to begin the expansion in the BEC regime
without the need for precision but to end the expansion
so that the 3D condensate is close enough to the unitary
point (e.g. u3 ≈ 1) for the fluctuations to be large. To
see how to do this we need to recover some 3D results
from [3]. A key relationship is, on rewriting results from
[13, 35], to relate u2 to u3 by
u2 =
1
kF (2)Lz
exp ((3/2)1/3
√
Api/2 (kF (2)Lz)
2/3u3),
(27)
where A = 0.91 (henceforth taken as unity at our level of
approximation) and kF (2) =
√
2pi2ρ0(2), independent of
Lz. The above relation is derived from solving the quan-
tum mechanical scattering problem, equally applicable in
the presence of a resonance [35].
7FIG. 2: The Figure shows the saturation value of fluctuations
in time of the flight by changing 1/aS(3)kF (3), also obtained
from (11) in D = 3 with the parameters in the text. Its
maximum value occurs at 1/aS(3)kF (3) = 0.7 near the
crossover regime.
This shows that, for increasing kF (2)Lz, beginning in
the BEC regime leaves us in the BEC regime. Specifi-
cally, the condensate is driven through the BEC regime
towards the unitary regime u3 = 0 or a3 → ∞ as it ex-
pands, just as we need. Most importantly, we do not
have to keep track of a2 or u2 as long as we stay within
the BEC regime. The final state is controlled by the
magnetic field H ≈ H0 which can be maintained for the
whole expansion, where H0 is the resonance field. This is
the opposite of the procedure described in [13] in which
they apply a fixed magnetic field to a 3D condensate to
produce a specified u3. They then squeeze the conden-
sate to a pancake and derive the new u2 by means of
(27).
Thus, to enhance the effects of the onset of three-
dimensionality, a sensible guess would be to keep the
condensate tuned initially as (u3 ≈ 1)
u2 ≈ 1
kF (2)Lz
exp ((3/2)1/3
√
pi/2 (kF (2)Lz)
2/3) (28)
so as to conclude in the best regime for fluctuations.
Empirically, this gives us large enough initial values of u2
to benefit from the 2D deep BEC regime (u2 > 1 from Fig
2). The experiment of [13] (assuming the 2D density of
[33]) gives kF (2)Lz0 = 0.5 < 1, and thus according to (28)
the initial u2 = 5 > 1 in the BEC regime. Although the
experiment of [33] gives kF (2)Lz0 = 3.22 > 1, we still
have u2 = 7 > 1.
We note that the relationship (27) is commensurate
with our empirical observation in [3] that, for some b0,
the speed of sound c3 in the deep BEC regime takes the
form
c23 ∼ A exp(−2b0u3) (29)
whereas, in two dimensions (from the Appendix, Eq.(45))
c22 ∼ Bu−42 in the deep BEC regime.
Let us give a rough estimate on how the later 3D ex-
pansion from the 2D configuration enhances the TOF
fluctuations, continuing with the trap parameters of [13].
We begin with the 2D condensate for which Lz0 =
1.4µm < l = 100µm. We have already said that dur-
ing the travel time T = 27ms, the scale parameter bz(t)
changes from bz = 1 to bz = 135 whereas b⊥(t) remains
b⊥ ≈ 1. Effectively, if the initial condensate was circular
in the transverse direction it behaves like an extending
cylinder.
However, in [13], with more squeezed condensates
Lz0 = 0.5µm (ωz = 2pi × 5.5kHz), and L⊥ = 480µm
(ω⊥ = 2pi× 0.05Hz), the 2D density, ρ0(2) ' 108(cm)−2,
is the same as in [33]. The scale parameter bz(t) changes
from bz = 1 to bz = 1300 during the travel time T =
27ms. When bz(t) runs from bz = 1 to bz = 960, namely
up to t = t0 = 20ms with Lzt0 = 960Lz0 ∼ L⊥, the
condensates can be treated as a quasi-2D with b⊥ ∼ 1.
The early quasi-2D part of the expansion when Lzt <
l0 takes place in t < t0 = 20ms. The contribution to
(∆T (2))
2 for this period is
(∆T (2))
2
t0 ≈
2C2
5
t
3/2
0 ≈
2
5
(∆T (2))
2
(
Lzt0
Lz0
)3/2
. (30)
with C2 as before. In the end, for t0 ≈ 20ms, (∆T(2))t0 '
110(∆T (2)) where ∆T(2) = 0.01ms obtained above in the
BEC regime for the 2D case.
Subsequently, for the remainder of the expansion
20ms = t0 < t < T = 27ms the inflated condensates then
becomes quasi three-dimensional. For Gaussian fluctua-
tions, when variances add, applying (26) to the three-
dimensional expansion from t0 onwards gives
(∆T (3))
2
t0→T ≈
(∆T (3))
2
T (ωzt0)1/2
∫ T
t0
dt (ωzt)
=
(LzT /Lz0)
2 − (Lzt0/Lz0)2
2(LzT /Lz0)(Lzt0/Lz0)
1/2
(∆T (3))
2 ,
(31)
where we have used (24) and (25).
(∆T (3)) is the saturated value of TOF fluctuations
near the unitary regime in 3D that is driven from the
BEC regime as the condensates inflate from 2D to 3D,
and (∆T (3)) ∼ −1F (3). With the 3D density ρ0(3) =
ρ0(2)/Lz0 ' 1013(cm)−3, giving F (3) ' 100/ms, then
(∆T (3)) ∼ 0.01ms near the unitary regime in 3D. Putting
it all together, we find the peak value of ∆T (3) ' ∆T (2),
which we assume we can achieve by choice of magnetic
field.
8The final result is
(∆T )20→T = (∆T (2))
2
0→t0 + (∆T (3))
2
t0→T
≈ [(110)2 + (20)2](∆T(2))2
≈ (112)2(∆T(2))2 . (32)
for t0 = 20ms and T = 27ms. This result, that the
expansion leads to two order-of-magnitude enhancement
in ∆r = c∆T to 112∆r ≈ 25µm, is potentially mea-
surable [32] with a signal to noise ratio of 2.0. Given
the uncertainties in our approximations we would like a
larger ratio and this is possible.
To see how, we note that the 3D expansion contributes
only a small contribution to the total enhancement in
(32) and that the magnitude of the total enhancement is
insensitive to the ratio x = t0/T in the vicinity of the
value x ≈ 0.7 that we have taken above. Thus, to a good
approximation (taking x = 1),
(∆T )20→T ≈ 0.4 (Tωz)3/2(∆T (2))2 ≈ 0.1
g¯(2)
2F (2)
(L⊥/ L0z)3/2
(33)
We see that, in order to make the fluctuations truly vis-
ible, we need bigger condensates (to increase T ) and/or
higher frequency traps or, more simply, a larger aspect
ratio of the initial pancake condensate. This is increas-
ingly achievable.
CONCLUSIONS
The aim of this paper has been to see if the collapse in
density of a trapped condensate of ultracold fermi atoms
on releasing the trap is sufficient to give observable quan-
tum fluctuations in phonon times-of-flight (TOF) as a re-
sult of quantum fluctuations of the sound-cone. We had
shown earlier [3] that, for a static trapped condensate,
the fluctuations were too small to be seen but, with the
decrease in density that releasing the trap permits, the
fluctuations could grow to observable size.
It is clear that there are many caveats with our ide-
alised model of a pancake 6Li condensate controlled by
a narrow resonance, in which we ignore edge effects
and have difficulty in maintaining two-dimensionality.
Nonetheless, accepting it as it stands we see that, with
currently accessible experimental parameters [13], releas-
ing the trap can give two orders of magnitude enhance-
ment on the hitherto unobservable static TOF fluctua-
tions. This makes intrinsically quantum mechanical TOF
fluctuations potentially measurable [32] with a signal to
noise ratio greater than unity and the possibility of even
more visible fluctuations with larger and thinner conden-
sates.
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Appendix . The gap equation and coefficients
The gap equation and coefficients in 2D
The action SNL is invariant under global U(1) trans-
formations of ϕ but the variational equation δSNL = 0
permits constant condensate solutions ϕ(x) = ϕ0, which
break this symmetry spontaneously, determined by the
gap equation
− N0
kFaS
=
1
U
=
∫ Λ d2p
(2pi)2
1
2Ep
. (34)
In (34) U ≡ g2/(ν − 2µ), Ep = (ε2p + g2|ϕ0|2)1/2 and
the 2D scattering length aS is determined from the 3D
scattering length and the spatial confinement length scale
Lz (see [35–39] ). The equation is UV-singular and reg-
ularization/renormalization is needed. Moreover, it is
known that in two dimensions a bound state of pairs of
fermi atoms exists, energy EB = 1/ma
2
S , for any coupling
strength [36], where
1
U
=
∫ Λ d2p
(2pi)2
1
|EB |2 + p2/m . (35)
A finite equation for the condensate ϕ0 for a given scat-
tering length aS (and for the chemical potential µ) can be
found by subtracting equation (35) from equation (34),
giving
0 =
∫
d2p
(2pi)2
(
1
2Ep
− 1|EB |2 + p2/m
)
, (36)
which can be cast as
√
µ2 + g2|ϕ0|2 = EB +µ . The con-
stant 2D fermion number density ρ0 = k
2
F /2pi is decom-
posable as ρ0 = ρ
F
0 +ρ
B
0 , where ρ
F is the explicit fermion
density and ρB is the molecule density (two fermions per
molecule). It is sufficient to give
ρF0 =
m
2pi
[
µ+
√
µ2 + g2ϕ20
]
=
mF
2pi
[
1 +
√
1 + 4g¯2
( u2
g¯2 + u2
)2
/
(
u2 − g¯
2
g¯2 + u2
)2]
ρB0 = 2|ϕ0|2=
mF
pi
(
u2
g¯2 + u2
)
. (37)
In (37) the dimensionless coupling constant g¯ is defined
by g2 = (8piF /m)g¯
2 and u = 1/aSkF . As expected, in
the deep BCS regime u  1, |ϕ0| is vanishingly small
with ρF0  ρB0 , while in the deep BEC regime u  1
|ϕ0|2 → ρ0/2 with ρB0  ρF0 .
The coefficients of (2), with a subscript 2 as a reminder
that all calculations have been done in 2D, can be ex-
pressed by elementary functions as
µ=F
(
g¯2
g¯2 + u2
− u2
)
, |ϕ0|2= mF
2pi
(
u2
g¯2 + u2
)
(38)
N0(2) = g
2|ϕ0|2
∫
d2p
(2pi)2
1
2E3p
=
m
4pi
[
1 +
µ√
µ2 + g2|ϕ0|2
]
=
m
2pi
[
1
1 + u2 + u4/g¯2
]
, (39)
α(2)/
√
κ(2) = 2|ϕ0|
[
1 +
1
2
g2
∫
d2p
(2pi)2
εp
2E3p
]
= 2|ϕ0|
[
1 +
g2
8pi
m√
µ2 + g2|ϕ0|2
]
= 2|ϕ0|
[
1 +
g¯2 + u2
1 + u2 + u4/g¯2
]
, (40)
M¯2(2)/κ(2) = 2g
2
∫
d2p
(2pi)2
[
1
Ep
− ε
2
p
E3p
]
=
m
pi
g2
[
1 +
µ√
µ2 + g2|ϕ0|2
]
=
16 F g¯
2
1 + u2 + u4/g¯2
, (41)
η(2)/κ(2) = g
2
∫
d2p
(2pi)2
ε2p
2E5p
=
m
12pig2|ϕ0|2 g
2
[
1 +
µ3(√
µ2 + g2|ϕ0|2
)3 ] = 13F (g¯
2 + u2) (1 + 3u4(1 + u2/g¯2)2)
u2 (1 + u2(1 + u2/g¯2))3
.(42)
The scale factor is
κ(2) =
ρ0
4mg2ζ(2) + 2
, (43)
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where
ζ(2) =
∫
d2p
(2pi)2
[
1
8E3p
[(
1− 3g
2|ϕ0|2
E2p
)
εp
m
+
(
5
g2|ϕ0|2
E2p
(
1− g
2|ϕ0|2
E2p
)) |p|2 (pˆ · ∇ˆ)2
m2
]]
=
1
24pi
µ4 + 3µ2g2|ϕ0|2 + g4|ϕ0|4 + µ
(√
µ2 + g2|ϕ0|2
)3
g2|ϕ0|2
(√
µ2 + g2|ϕ0|2
)3
=
1
96piF
(g¯2 + u2(g¯2 + x2))4 + 4g¯2u2(g¯2 − u2(g¯2 + u2))2 + (g¯2 − u2(g¯2 + u2))(g¯2 + u2(g¯2 + u2))3
g¯2u2(g¯2 + u2(g¯2 + u2))3
.
(44)
In (52) pˆ and ∇ˆ are the unit vectors along the direction p and the direction of the spatial variation of the phase
mode θ respectively.
The phonon has dispersion relation ω2 = c2s(2)k
2, with speed of sound
c2(2) =
ρ0/2m
N0 +
4α2
M¯2
=
v2F
2
g¯2 (1 + u2 + u4/g¯2) (u2 + g¯2)
g¯2(u2 + g¯2) + u2(1 + g¯2 + 2u2 + u4/g¯2)2
. (45)
In the deep BCS regime u 1, c2s → v2F /2, as expected,
and in the deep BEC regime u 1, cs → 0
The gap equations and coefficients in 3D
In this Appendix, we provide detailed expressions of
the relevant equation and the coefficients in 3D. The
chemical potential µ(3) and |ϕ0(3)| are defined through
the 3D mean field equations:∫
d3p
(2pi)3
(
1
2Ep
− 1
2p
)
=
ν − 2µ(3)
g2(3)
≡ − m
4piaS(3)
(46)
and the fermion number density ρ0(3),
ρ0(3) = ρ
F
0(3) + ρ
B
0(3), (47)
where
ρF0(3) =
∫
d3p
(2pi)3
[
1− εp
Ep
]
(48)
is the explicit fermion density and ρB0(3) = 2|ϕ0(3)|2.
In conventional notation, εp = p
2/2m − µ(3) and
Ep = (ε
2
p + g
2
(3)|ϕ0(3)|2)1/2. In conventional notation,
εp = p
2/2m − µ(3) and Ep = (ε2p + g2(3)|ϕ0(3)|2)1/2. The
principal coefficients take the form (after renormalisation
[20])
N0(3) = g
2
(3)|ϕ0(3)|2
∫
d3p
(2pi)3
1
2E3p
, α(3)/κ
1/2
(3) = 2|ϕ0(3)|
[
1 +
1
2
g2(3)
∫
d3p
(2pi)3
εp
2E3p
]
, (49)
M¯2(3)/κ(3) = 4(ν − 2µ(3))− 2g2(3)
∫
d3p
(2pi)3
[
ε2p
E3p
− 1
p
]
, η(3)/κ(3) = g
2
(3)
∫
d3p
(2pi)3
ε2p
2E5p
(50)
with p = p
2/2m. The scale factor κ(3) is defined as
κ(3) =
ρ0(3)
4mg2(3)ζ(3) + 2
, (51)
where
ζ(3) =
∫
d3p
(2pi)3
[
1
8E3p
[(
1− 3
g2(3)|ϕ0(3)|2
E2p
)
εp
m
+
(
5
g2|ϕ0(3)|2
E2p
(
1−
g2(3)|ϕ0(3)|2
E2p
)) |p|2 (pˆ · ∇ˆ)2
m2
]]
. (52)
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In (52) pˆ and ∇ˆ are the unit vectors along the direction p and the direction of the spatial variation of the phase mode
θ respectively.
Formally there is great simplification in the deep BCS
and BEC regimes as the expressions above stand. The
chemical potential in the deep BCS regime is µ(3) = F (3),
turning negative as |µ|(3) ' 1/2ma2S(3) →∞ in the deep
BEC regime. The mode-coupling coefficient α vanishes
in the deep BCS regime as a consequence of particle-hole
symmetry whereas, in the deep BEC regime the scale
factor κ behaves as κ(3) ≈ ρ0(3)/2 so that α(3) → ρ0(3).
In the BEC regime both N0(3) and η0(3) ≈ N0(3) '
g2(3)|ϕ0(3)|2(2m|µ(3)|)3/2/|µ(3)|3 vanish due to |µ(3)| →
∞, with N0(3)/η(3) → 1.
In the deep BEC regime M¯0(3) vanishes as N0(3) such
that M¯20(3)/N0(3) → 2g2(3)ρ0(3).
For completeness, in the deep BCS regime N0(3) is the
density of states at the Fermi surface, namely N0(3) =
mkF (3)/2pi
2. Then in this regime the scale factor κ(3) is
approximated by κ(3) ' ρ0(3)/4mg2(3)ζ(3) in that ζ(3) ≈
kF (3)F (3)/18pi
2g2(3)|ϕ0(3)|2. With the approximated re-
sults of κ(3) and ζ(3), the behaviour of η(3) in the deep
BCS regime is simply given by η(3) ' 3ρ0(3)/4F (3) =
mkF (3)/2pi
2 when ρ0(3) ≡ k3F (3)/3pi2 is defined. Thus,
N0(3) ≈ η(3) in the deep BCS regime.
